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Abstract 

Perovskite ABO3 oxides display an amazing variety of phenomena that can 
be altered by subtle changes in the chemistry and internal structure, making 
them a favorite class of materials to explore the rational design of novel 
properties. Here we highlight a recent advance in which rotations of the 
BOe octahedra give rise to a novel form of ferroelectricity - hybrid improper 
ferroelectricity. Octahedral rotations also strongly influence other structural, 
magnetic, orbital, and electronic degrees of freedom in perovskites and related 
materials. Octahedral rotation-driven ferroelectricity consequently has the 
potential to robustly control emergent phenomena with an applied electric 
field. The concept of 'functional' octahedral rotations is introduced and 
the challenges for materials chemistry and the possibilities for new rotation- 
driven phenomena in multifunctional materials are explored. 
Keywords: Perovskites, complex oxides, ferroelectricity, octahedral 
rotations, multiferroics 
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1. Introduction 

Most ABO3 perovskites (and related materials) undergo structural dis- 
tortions associated with a 'rotation' of the BOg octahedra about one or more 
of the crystal axes.[lHl] The orthorhombic Pnma structure of the mineral 
perovskite (CaTiOs) is a combination of two octahedral rotations about dif- 
ferent crystallographic axes [Figure [l|^a)]; the majority of perovskites adopt 
this same structure. The B site in ABO3 perovskites is commonly occupied 
by a transition metal and octahedral rotations can significantly change the 
transition metal-oxygen-transition metal (TM-O-TM) bond angles, as shown 
in Figure [Tj^b). Consider the case of magnetism in perovskite AMnOs man- 
ganites, where A is typically an alkaline-earth and/or a rare-earth cation(s). 
Through substitution on the A-site with cations of different radii it is possible 
to control the degree to which the BOg octahedra are rotated and hence the 
TM-O-TM bond angle. Such changes in bond angles can have a profound 
effect on the interaction between spins. As an example, in the simplest case 
of spins interacting through superexchange, materials in which the TM-O- 
TM bond angles are closer to 180° are generally antiferromagnetic, whereas 
materials in which the TM-O-TM bond angles are closer to 90° tend to be 
ferromagnetic |5H7] . Specifically in the rare-earth manganites, small changes 
in the Mn-O-Mn angle induced via cation substitution on the A-site change 
the magnetic ground state from collinear A- type antiferromagnetism (AFM), 
to a spin-spiral, to E-type AFM, [8] as shown in Figure [l]^c). Octahedral 
rotations consequently have the potential to robustly control the magnetic 
properties, not to mention the electronic, orbital, and dielectric properties, 
of a given material [5l I914T3] . 



2 




Figure 1: (a) Nonpolar Pnma structure adopted by many perovskites. (b) Alternative 
view showing the bending of the TM-O-TM bonds, (c) Change in magnetic properties 
and ordering temperatures as a function of Mn-O-Mn bond angle for Pnma AMnOa 
perovskites, A = La^Ho. From Ref. [8 . 

The strong coupling of oxygen rotations to properties represents an op- 
portunity to understand and create new functional materials that respond 
to an external perturbation in a useful way. For example, one of the biggest 
challenges in multiferroics research is finding or designing so-called cross- 
coupled multiferroics. These are materials that are simultaneously magnetic 
and ferroelectric but the polarization (magnetization) can be manipulated in 
a useful way with an applied magnetic (electric) field. We know that octahe- 
dral rotations can significantly affect the magnetic properties of perovskites, 
but rotations (or combinations of rotations) in simple perovskites do not di- 
rectly couple to an external field (other than pressure [H] or stress [15]). In 
this article, we review progress on a recent development in which the layering 
of nominally nonpolar perovskites leads to a new type of ferroelectricity in 
which octahedral rotations induce an electrical polarization. Electric fields 
couple naturally to the polarization in an insulator and therefore, in these 



3 



rotation-driven ferroelectrics, an applied electric field can directly couple to 
the octahedral rotations and can even switch the sense of the rotations. 

This article is organized as follows. In Section |2] we discuss the origin 
of and design rules for ferroelectric perovskites and perovskites with octa- 
hedral rotations. We also define and explain the differences between proper 
and improper ferroelectrics. We introduce the concept of hybrid improper 
ferroelectricity in Section |3] and present several examples of hybrid improper 
ferroelectrics from the recent literature. The crystal chemical origin of this 
new type of ferroelectricity is elucidated and design rules for the creation of 
new materials are presented. Finally, in Sections |4] and [5} we speculate on 
the manner in which hybrid improper ferroelectricity could be exploited to 
create new multifunctional materials. 

Before we begin, we should point out that the ideas that we discuss, 
the generalizations and commentary we make, refer almost exclusively to 
perovskite and perovskite-like oxides. Additionally, when we speak of "ferro- 
electricity" we are referring to polar structures in which the polarization can 
in principle be switched to a symmetry-equivalent state with an applied elec- 
tric field and that satisfy the simple structural criteria devised by Abrahams 
and co-workers. flG] 

2. Octahedral Rotations and Ferroelectricity: Origin and Design 
Rules 

One strategy to couple octahedral rotations to an electric field is to start 
with a ferroelectric material in which the polarization is induced by rotations. 
A materials chemistry challenge is understanding how to rationally design 
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Figure 2: (a) Paraelectric Pm3m structure of PbTiOa. (b) Ground state ferroelectric 
PAmm structure of PbTiOs. A displacement of the Ti and Pb cations against the oxygen 
anions gives rise to a spontaneous polarization and relates the ground state to the non- 
polar PraZm structure that PbTiOa is found in above ^-^760 K. The cell also undergoes a 
spontaneous strain from cubic to tetragonal. 

and synthesize such materials. As a starting point, let us first recall the 
origin of and design rules for prototypical perovskite ferroelectrics and for 
perovskites with rotations of the BOe octahedra. We will also introduce the 
notion of an improper ferroelectric, which we will revisit in a later section. 

2.1. Ferroelectric Mechanisms: Proper and Improper 

Proper - PbTiOs is perhaps the archetypal ferroelectric perovskite and its 
ground state (lowest energy) structure is shown in Figure [2|^b). As we explain 
below, prototypical perovskite ferroelectrics, such as PbTiOs, display what 
crystallographers would call a proper ferroelectric transition: a polar lattice 
distortion has a negative force constant and its condensation completely ac- 
counts for the difference in symmetry between the paraelectric parent phase 
and the ferroelectric ground state. jTTHTU] 

Cohen showed [T8] that the origin of ferroelectricity in PbTiOs and BaTiOs 
is hybridization between the formally empty Ti 3(i states and filled O 2p 
states. This mechanism is described within the framework of vibronic cou- 
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Figure 3: The behavior of the energy as a function of the polarization when the tempera- 
ture, r, is above and below the Curie temperature (Tc) of the primary order parameter 
for a) a proper ferroelectric transition and b) an improper ferroelectric transition. 

pling theory [201 EI] as a second-order Jahn- Teller effect and in this sense is 
formally similar to the origin of ferroelectricity in lone-pair compounds [221 [23] 
such as BiFe03[2l]. 

In a complementary picture, ferroelectricity arises from the 'freezing-in' or 
condensation of a polar lattice distortion u^, that is, a pattern of atomic dis- 
placements that breaks all symmetries (including inversion symmetry) that 
would otherwise forbid the appearance of ferroelectricity. These distortions 
have negative force constants and arise at the Brillouin zone center (q = 0, 
where q is the wave vector of the lattice distortion). 

In proper ferroelectrics, the polarization is proportional to the amplitude 
of the polar lattice distortion (Mq=o oc P) and the energy around the para- 
electric structure displays a characteristic double-well potential described by 
the equation, 

J'p = ^pP' + CpP\ (1) 

where J-'p is the free energy. As shown in Figure |3]^a), ^ is less (greater) than 
zero in the ferroelectric (paraelectric) phase and reflects the force constant 
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Figure 4: (a) Structure of the paraelectric phase of the improper ferroelectric YMnOa. (b) 
Structure of the ferroelectric phase and direction of the polarization, P. 

instability (stability). In principle, an electric field can be used to switch the 
polarization between the two minima without any other structural distortions 
being involved. 

Improper - Unlike the proper ferroelectrics we just discussed, prototyp- 
ical improper ferroelectrics [2S1 ES] have no zone-center polar instabilities. 
Instead, the polarization is a 'slave' to some other primary structural dis- 
tortion associated with a wave vector at the zone-boundary. Hence, large 
structural changes occur at the paraelectric to ferroelectric transition, e.g., 
the unit cell volume increases by at least a factor of two. In the case of a 
large number of hexagonal manganites, such as YMnOs [27H30] . the primary 
distortion is a single unstable mode with q = (|, |,0) (the K mode) con- 
sisting of a rotation of the MnOs trigonal-bipyramids and a buckling of the 
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yttrium planes, which results in a tripling of the unit cell volume (Figure |4]). 

At the phenomenological level, this mechanism can be understood [27] as 
arising from a term in the free energy of the form 



(with /=3 for the hexagonal manganites by symmetry) where, because of 
the symmetry-allowed coupling between P and once K becomes finite, a 
non-zero value of P is induced. However, unlike in a proper ferroelectric, in 
an improper ferroelectric the polarization remains in a single-well minimum, 
with the minimum shifted to a non-zero value, as shown in Figure |3](b). This 
is analogous to turning on an electric field, 



To switch the polarization in an improper ferroelectric, the primary distortion 
(the oxygen rotation-like mode, in the case of YMnOs) must also switch. In 
other words, if K were an octahedral rotation, the sense of the rotation must 
change if the sign of P is reversed. 

YMnOa is not a perovskite, so even though an electric field would switch 
the sense of the rotation-like distortion of the MnOs trigonal bipyramids, 
this distortion does not affect the magnetic properties in any meaningful 
way. Furthermore, although we understand - from a symmetry perspective 
- the general mechanism through which the polarization couples to the pri- 
mary order parameter in YMnOs, we have no general rules for designing 
improper ferroelectrics. An interesting question is whether or not we can 
design a perovskite improper ferroelectric in which octahedral rotations are 
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the primary order parameter. In such a material, the polarization would be 
completely accounted for by the octahedral rotations. 

2.2. Octahedral Rotations 

Octahedral rotations are associated with a lattice instability, u^, of the 
force constant matrix at the Brillouin zone boundary of the cubic unit cell 
and so always involve an increase in the unit cell volume. In this case, 
atomic displacements in neighboring unit cells are related by a phase factor 
that alternates sign along certain directions from one unit cell to the next. 
This varying phase factor cancels any local dipoles, maintains the octahedral 
corner-connectivity and therefore results in zero macroscopic polarization. In 
other words, because of the three-dimensional connectivity of the octahedra 
in the perovskite structure, octahedral rotations cannot by themselves induce 
ferroelectricity. This was proved by Stokes and co-workers [31] using group 
theoretical techniques. 

In prototypical perovskites with octahedral rotations (such as SrTiOs) the 
rotation pattern, R, is proportional to the amplitude of Mq and the ground 
state displays a characteristic double-well potential described by 

J'r = CrR' + CrR\ (4) 

where again ^ < implies a distorted ground state. Prototypical per- 
ovskites with octahedral rotations display a proper antiferrodistortive tran- 
sition where, as was the case for proper ferroelectric transitions, the rotation 
lattice distortion has a negative force constant and completely accounts for 
the symmetry lost between the high-symmetry parent phase and the ground- 
state structure with octahedral rotations. 
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A well-understood, albeit heuristic, approach to control and design ABO3 
perovskites that display octahedral rotations involves the idea of the tolerance 
factor, 

_ Ro + Ra /j-x 
^~ V2{Ro + Rb), 
a geometric measure of closed-sphere packing relating A-0 and B-0 bond 

lengths to crystal stability, where Rq-, Ra, and Rb are the radii of the oxy- 
gen, A-site cation and B-site cation respectively. Compounds with tolerance 
factors between roughly 0.9 < r < 1.0 form with octahedral rotations and 
are usually not ferroelectric (unless they contain lone-pair active ions such as 
gj3+ Pb2+ on the A-site) Changing the tolerance factor of a compound 
can be experimentally accomplished by either applying external pressure or 
substitution doping of the A or B sites (or both), where the substituted cation 
has a different ionic radius (this is akin to applying an internal or 'chemical' 
pressure) . 

Perovskites that display proper ferroelectricity or proper antiferrodis- 
tortive transitions can be designed by a suitable choice of chemistry, e.g., 
Jahn- Teller ions or A/B ion size mismatch. However, group theory and 
structural analysis tells us that the type of structural distortion associated 
with polar distortions in proper ferroelectrics tends to occur independently 

^It is interesting to note that an increasing number of first-principles studies of the 
lattice dynamics of perovskites show that both rotation and ferroelectric instabilities co- 
exist in the energy landscapes of many materials [5^H55] . e.g., CaTi03.[331|3Sl[37] However, 
whereas there are many perovskites that are either ferroelectric or have rotated octahedra, 
there are few perovskites (again, without lone-pair active ions) that are both ferroelectric 
and have rotated octahedra. 
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of rotations of the octahedra. 

3. Hybrid Improper Ferroelectricity 

Although octahedral rotations cannot by themselves induce ferroelectric- 
ity in simple perovskites, it has recently been (re) appreciated that the com- 
bination of octahedral rotations and layered cation ordering can in fact give 
rise to ferroelectricity in perovskite oxides [38] - H2] . This was anticipated from 
the earlier work of Woodward and co-workers I13H13]. In this section, we dis- 
cuss the discovery of octahedral rotation-induced ferroelectricity in several 
different materials. We introduce the concept of hybrid improper ferroelec- 
tricity to describe this type of ferroelectricity, describe its structural origin 
and present design rules for identifying and designing new hybrid improper 
ferroelectrics. 

3.1. (SrTiO'i)n/(PhTiO^)m superlattices 

In a recent combined theoretical-experimental study, Bousquet, Dawber 
and co-workers grew (SrTi03)„/(PbTi03)m superlattices as thin-films [38] . 
They found that for large period superlattices (large n and m), as the num- 
ber of PbTiOs units was reduced and, simultaneously, the number of SrTiOa 
units increased, the ferroelectric properties - Tc and polarization - decreased 
as expected (PbTiOs being a "good" ferroelectric and SrTiOs being paraelec- 
tric in bulk). However, for very short period superlattices, the spontaneous 
polarization started to increase. Theoretical calculations on superlattices in 
which one unit cell of SrTiOa alternates with one unit cell of PbTiOs revealed 
something quite unexpected: the polarization had an additional contribution 
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that could be accounted for by a combination of two different octahedral ro- 
tations, Ri and R2, with different symmetries. In contrast to prototypical 
ferroelectrics like PbTiOs, in the SrTiOa/PbTiOa superlattices the octahe- 
dral rotations play a key role in the structure of the observed ferroelectric 
ground state. In analogy to YMnOs, Bousquet et al, referred to this rotation 
component of the polarization as improper ferroelectricity [25] . 

In the case of the SrTiOs/PbTiOs superlattices, it was possible to prove 
using group theoretical techniques that the combined rotation pattern of Ri 
plus R2 couples linearly to the polarization, that is, there is a trilinear term 
in the free energy of the form [16] 

Tni = lPRiR2. (6) 

Hence, even though each rotation individually leads to a nonpolar space 
group, the combined rotation pattern breaks all the relevant symmetries that 
allow a spontaneous polarization to arise. Comparison of Eq. [2] to Eq. [6] and 
the experimental evidence all lead Bousquet and co-workers to refer to the 
SrTiOs/PbTiOs superlattice as an improper ferroelectric. 

It is important to note that the trilinear term is not required to 'switch 
on' P, Ri and R2, but it may in some cases[l6]. That is, in most cases 
the two rotation distortions are both individually unstable, so the ^Rf and 
6R2 terms in the free energy have (3 and 6 negative at T = 0. However, 
the combined rotation pattern, Ri plus R2, lowers the energy more than 
either rotation individually. The trilinear term merely ensures in this case 
that the coupling of the rotations to the polarization lowers the energy even 
further. Because of this Benedek and Fennie[12| suggested calling such ma- 
terials hybrid improper ferroelectrics. In hybrid improper ferroelectrics like 
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SrTiOs/PbTiOs, the terms that couple to a hnear power of the polariza- 
tion are from two different irreducible representations, i.e., the two rotation 
modes have different symmetry [4 7J. The combined rotation pattern, Ri plus 
i?2; is treated as a hybrid mode. Hybrid improper ferroelectrics may display 
different phase transition behavior than conventional improper ferroelectrics. 
The primary and secondary distortions may condense at the same temper- 
ature (in a so-called avalanche transition [46]), or there may be a series of 
phase transitions, where at one temperature one of the rotations condenses 
and then at a second temperature the second rotation condenses (technically, 
this second phase transition would be a proper ferroelectric transition; the 
work of Tagantsev on 'weak' ferroelectrics most likely describes this type 
of transition [48j). Further experimental and theoretical investigations are 
currently underway to clarify this important issue. 

Equation [6] establishes the symmetry requirements of hybrid improper 
ferroelectrics, but it does not tell us about the structural or crystal chemi- 
cal basis of the phenomenon. Such knowledge is crucial if we are to design 
new hybrid improper ferroelectrics. However, Equation [6] does give us a clue 
as to the types of materials that may display hybrid improper ferroelectric- 
ity, namely, materials whose structures consist of two different octahedral 
rotation patterns. 

3.2. Pnma Perovskites as 'Building Blocks' to Create New Hybrid Improper 
Ferroelectrics 

Recently, Rondinelli and Fennie|lT] identified the Pnma structure as an 
important building block in the design of hybrid improper ferroelectrics. This 
was a surprising and counterintuitive result because the Pnma space group 
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(a) a°a''c ' (b) : a a'c" (c) g^: antipolar 



Figure 5: The Pnma structure (rotation pattern a^a^c+) can be described primarily 
by three different normal modes of Pm3m: (a) Octahedral rotation about [001] from a 
mode at the M-point, (b) rotation about [110] with A-site displacement from a mode at 
the R-point, and (c) antipolar A-site displacement without rotation from a mode at the 
X-point. 

is nonpolar. The symmetry of the Pnma structure is estabhshed by two octa- 
hedral rotations, shown in Figure [sj^a) and (b): Qm (transforming hke M^, 
with a rotation pattern a^a^c"*" in Glazer notation) and Qr (transforming 
hke RI, with a~a~c'^). The Pnma structure is the most common rotation 
pattern among ABO3 perovskites, [21 El HH] which means that there are many 
materials that could potentially be used to create new hybrid improper ferro- 
electrics. How can we use Pnma perovskites to create these new materials? 

3.2.1. The Importance of A-site Cation Displacements in the Pnma Structure 
Octahedral rotations in perovskites are driven by the coordination pref- 
erences of the A-site cation [21 |3]. In some space groups with octahedral 
rotations, the A-site cation can shift from its 'ideal' Pm3m position to fur- 
ther optimize its coordination environment. In Pnma, the A-site cation 
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can displace in an antipolar pattern. This pattern can be thought of as 
a ferroelectric-hke displacement of the A-site in two-dimensional layers ar- 
ranged 180° out of phase along z, as shown in Figure [5|^c). We denote this 
distortion as Qx-, since it transforms like the irreducible representation . 
The displacement of the A-site cations in Pnma induces a significant polar- 
ization within the AO layers. This can be seen from first-principles calcula- 
tions in which the polarization is resolved into AO and BO2 layers; Figures 
|6]^a) and|6]^b) show the results of such a calculation for the Pnma perovskites 
LaGaOa and YGaOa. 

What is the importance of A-site cation displacements to hybrid im- 
proper ferroelectricity? In the cubic perovskite Pm3m reference structure, 
both the A and B sites lie on an inversion center and three mirror planes 
perpendicular to the coordinate shown in Figure [7]^a). Because of 

the three-dimensional connectivity of the octahedra in the perovskite, Qm 
and Qji together preserve the inversion center X at each B-site (in fact, octa- 
hedral rotations can never by themselves remove the inversion center at the 
B-site, the consequences of which will be made clear in the next section), and 
therefore the total polarization must be zero by symmetry. However, Q m and 
Qr break the mirror planes that would otherwise forbid a net displacement 
of the A-cations against the oxygens in each AO layer. Hence, although the 
total polarization must be zero in the Pnma structure, the amplitude of Qx 
can be significant. Note that the antipolar A-site displacements need not 
be unstable to appear in the Pnma structure. Indeed, most perovskites, in- 
cluding LaGaOa and YGaOa, do not favor this motion in the absence of the 
Pnma a~a~c^ rotation pattern. This can easily be seen from first-principles 
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(a) LaGaOj 



(b) YGaOj 




(c) LaYGa,0^ 



Figure 6: The layer-resolved polarization in the Pnma ground state of (a) LaGaOs and (b) 
YGaOa- To the right of each structure is shown a plot of the layer- resolved polarization, 
^layer — fjSi^i-^i*' whcrc is the cell volume, is the displacement of ion i from 
its position in a higher-symmetry reference structure {Pmma for the superlattice and 
Irama for the ABO3 perovskites) and Z* is the Born effective charge of ion i. The total 
polarization is the sum of the layer polarizations, P — ^Piayor- The axes shown refer to 
the the cubic Pm3m cell. Symmetry-enforced cancellation of the dipole moments leads 
to P = 0. (c) In the LaYGa206 superlattice, inequivalent A-site displacements lead to 
imperfect cancellation of the layer polarizations. The polarization is parallel to [110]. 
Methods: VASP, PAW-PBE potentials, PBEsol Junctional, k-grid equivalent to 8x8x8 in 
the cubic cell, 600eV cutoff. Born effective charges calculated using DFPT in the ground 
state structure (Pmc2i for the superlattice, Pnma for the ABO3 perovskites). 
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Figure 7: Illustration of the chemical criterion for rotation-induced ferroelectricity in 
layered perovskite superlattices constructed from two different ABO^ perovskite materials. 
In (a) bulk ABO3 perovskites inversion (I) centers are found on both the A- and S-sites; 
the highest site-symmetry operator being a three-fold rotoinvcrsion (3). Cation ordering 
in layered perovskites, however, lifts the inversion centers on the _B-site (leading to a 4-fold 
rotation) in the A/A' layered perovskites (b) and on the A-site in the B/B' (c) structures. 
Inversion only remains through the ^ operation found on the remaining A-site and i?-site, 
respectively. Since rotations of octahedra preserve the inversion on i?-sites yet can remove 
it on the A-sites, only A/ A' support this form of hybrid improper ferroelectricity. From 
Ref. m. 



calculations of the force constants within PmSm (the phonon is stable). 

The appearance of a finite Qx in the Pnma structure can be accounted 
for phenomenologically by a trilinear coupling in the free energy of Pm3m, 
J^tri ~ QmQrQx- This invariant couples the Pnma rotations, Qm and Qr-, 
to the antipolar motion of the A-site cations, Qx-, ensuring that once Qm and 
Qr become nonzero, a finite Qx is inducedjSO] even when stable in PmSm. 

This trilinear coupling is reminiscent of that found in hybrid improper 
ferroelectrics, Eq. [6j Is it related? Any perturbation to the Pnma structure 
that breaks the inversion center at each B-site would lead to inequivalent 
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Figure 8: Two alternative structure types that can be created by layering Pnnia ABO3 
perovskites in different ways: A-site ordered double perovskites (left) and Ruddlesden- 
Popper phases (right). Hybrid improper ferroelectricity is allowed by symmetry in both 
of the layered structures shown. 

A-site layers, and hence to a small noncancellation of the polarization in- 
duced by Qx in the AO layers. But since rotations alone cannot remove this 
symmetry, some other "distortion" is required to create inequivalent A-site 
environments. As we will now discuss, this non-cancellation, or ferri- electric 
mechanism, is the origin of hybrid improper ferroelectricity in materials built 
from Pnma perovskites. Figure [8] shows two structural motifs that allow for 
the existence of hybrid improper ferroelectricity: A-site ordered double per- 
ovskites and Ruddlesden-Popper phases. 

3.2.2. Hybrid Improper Ferroelectricity in AA' B2OQ Double Perovskites 

Perhaps the simplest way to create a perovskite with inequivalent A-sites 
is to replace alternating AO layers with A'O to form a superlattice with 
formula AA'B206. This cation ordering strategy for rot at ion- driven ferro- 
electricity was recently discussed by Rondinelli and Fennie [H] who have 
demonstrated how ferroelectric structures can be rationally designed from 
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nonpolar Pnma building blocks. Specifically, using group-theoretical meth- 
ods combined with ab initio density functional theory calculations on gal- 
late and aluminate-based ABO3 perovskites, they outlined a universal set of 
material structure-property relationships for realizing hybrid improper ferro- 
electricity in perovskites with AA'B206 stoichiometry. The guidelines were 
separated into an energetic criterion and a chemical criterion. The energetic 
criterion requires that the bulk perovskite of one or more of the constituents 
of the superlattice have a strong tendency towards the Pnma structure (that 
is, Pnma should be the ground state structure, preferably, or a metastable 
phase with a wide stability window). This ensures that the a^a^c+ rotation 
pattern survives in the superlattice. The chemical criterion, summarized in 
Figure [7], recognizes that Glazer rotations in perovskites cannot break the 
inversion center on the B-site, therefore some form of cation ordering, e.g., 
A/A' layered ordering, is required. A particularly elegant aspect of the design 
criteria is that they relate the properties of the AA'B206 superlattice back 
to the properties of the parent single-phase ABO3 and A'BOs perovskites. 
Hence, at least in principle, it should be possible to predict whether a par- 
ticular AA'B206 material will be a hybrid improper ferroelectric just by 
considering the properties of the constituent ABO3 and A'BOs phases. 

As a specific example of creating a hybrid improper ferroelectric according 
to the guidelines of Rondinelli and Fennie, one could replace alternating 
LaO layers in LaGaOs with YO to form a LaYGa206 superlattice, as shown 
in Figure ^c). Given the strong tendency of both LaGaOs and YGaOs 
to form in the Pnma structure, the superlattice displays the same a^a^c^ 
rotation pattern. As we have discussed, these rotations favor an antipolar 
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n = <» n = 1 n = 2 n = 1 

ABO3 A^BO, A3Bp^ AA'BO, 



Figure 9: The Ruddlesden-Popper A„-|_iB„03„+i homologous series and an A-site ordered 
n = 1 Ruddlesden-Popper phase (AA'B04) built from two different A-site cations. The 
inversion center at the B-site is broken for the n — 2 and A-site ordered AA'B04 phases 
but is retained for the perovskite end member and the A2BO4 n = I phase. 

displacement of the La and Y ions in the LaO and YO layers and the lack 
of an inversion center on the B-site means that the polarization induced by 
these displacements does not exactly cancel, leading to a net polarization 
[Figure [6]^c)]. Thus, the rotations which drive the system to the polar space 
group, Pmc2i, induce a net ferri-electric polarization. 

3.2.3. Hybrid Improper Ferroelectricity in the Ruddlesden-Popper Phases 

One of the key lessons so far has been that the three-dimensional con- 
nectivity of the perovskite octahedra does not allow rotations to remove the 
inversion center at the B-site, so an additional kind of distortion or pertur- 
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^[110] 



Figure 10: The layer-resolved polarization of (a) CaMnOs in the Pnma structure showing 
the antipolar displacements of the A-site cations and (b) The Ca3Mn207 structure and 
layer-resolved polarization. This figure makes clear how layering CaMnOs to make an 
n = 2 RP phase creates a net polarization from noncancellation of A-site cation displace- 
ments in inequivalent AO layers. The polarization is parallel to [110]. Methods: VASP, 
PAW-PBE potentials, PBEsol functional, 5x5x5 k- grid for CaMnO^ and 4x4x4 k-grid 
for Ca'iMn20'j , 600eV cutoff. Collinear G-type antiferromagnetism for both structures. 
U=4.5eV, J=1.0eV. Born charges calculated using DFPT in the Ca3Mn20'j ground .state 
.structure (A2iam). 
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bation is required to allow hybrid improper ferroelectricity. Many ABO3 
perovskite oxides naturally form layered structures (referred to as "layered 
perovskites" ) with two-dimensional connectivity of the octahedra. One ex- 
ample of a layered perovskite is the Ruddlesden-Popper (RP) phase, a ho- 
mologous series of structures with general formula A„+iB„03„+i. Any given 
member of the RP series consists of ABO3 perovskite blocks stacked along 
the [001] direction with an extra AO sheet inserted every n perovskite unit 
cells [Figure [9]. Hence, one can also write the chemical formula for the RP 
phases as (ABOs)^/ (AO). We can think of the RP phases as one example of 
Nature's heterostructures. 

Given the discussion of the last section, we now consider whether a 
Ruddlesden-Popper phase formed from a Pnma perovskite would be a hy- 
brid improper ferroelectric. Let us start with the n = 2, A3B2O7 structure. 
These materials are related to their perovskite building blocks through the 
insertion of an additional AO layer for every two perovskite unit cells in 
the [001] direction. The breaking of the octahedral connectivity along [001] 
removes the inversion center at each B-site. For one, this makes the AO 
layer between perovskite blocks symmetrically inequivalent to those within 
the rocksalt layers, that is, the AO layers immediately above and immedi- 
ately below the BO2 layer are symmetrically inequivalent (this is the chemical 
criterion of Rondinelli and Fennie). Additionally, the disconnection of the 
octahedra by the extra AO layer leads to an odd number of AO layers within 
the perovskite block, so any Pnma type of antipolar AO motion that induces 
a polarization will not exactly cancel, leading to a net polarization. It would 
thus seem that n = 2 Ruddlesden-Popper phases of ABO3 perovskites with 
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Pnma ground states may indeed be good candidates for hybrid improper 
ferroelectrics. 

CaTiOa and CaMnOs are two Pnma compounds in which several mem- 
bers of the RP series have been previously synthesized. For the manganite, 
the n = 1, 2 and 3 members have been reported [5T1 - I53] whereas for the 
titanate, only the n = 2 and 3 members have been synthesized and char- 
acterized so far [54J. Curiously, it has been known for some time that the 
n = 2 members of both materials (Ca3Ti207 and Ca3Mn207) display an oc- 
tahedral rotation pattern similar to those of the parent perovskites but these 
Ruddlesden- Popper phases form in the nonpolar A2iam space group. The 
possibility for rot at ion- driven ferroelectricity in these n = 2 RP structures 
was anticipated some time ago from symmetry arguments [55]. However, it 
wasn't until recently that the origin of the polarization in these materials 
was elucidated. 

Using first-principles theoretical calculations, Benedek and Fennie |42j 
investigated the lattice dynamical properties of Ca3Ti207 and Ca3Mn207. 
They showed that the transition from a paraelectric M/mmm reference 
structure to the ferroelectric A2iam ground state structure was driven by 
two different octahedral rotations with different symmetries. A polar insta- 
bility is not involved. Ca3Ti207 was calculated to have a large polarization 
of P ~ 20 /iC/cm^ and Ca3Mn207 was found to have P 'o yuC/cm^. 
Benedek and Fennie showed that the polarization arose from a similar trilin- 
ear coupling as in the SrTi03/PbTi03 superlattices (Equation [6]). Specifi- 
cally, the single hybrid distortion pattern consists of two octahedral rotation 
modes: which is a rotation about the [001] axis and transforms 
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[0-10] 

Figure 11: (a) The A2iam ferroelectric ground state structure of Ca3Ti207 and 
Ca3Mn207. Large (blue) spheres correspond to Ca ions, (b) Schematic of the atomic 
displacements corresponding to the X2 rotation mode. The dashed square denotes the 
unit cell of the lA/mmm reference structure, (c) Schematic of the rotation mode. All 
axes refer to the coordinate system of the lA/mmm reference structure. From Ref. 20. 
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like the irrep X2 (this rotation added to lA/mmm leads to space group 
Cmca) and the other, {R2), is a rotation about [110] and transforms like 
(leading to Cmcm). For a complete symmetry analysis see, Ref. |56] . 
The atomic displacements corresponding to each individual distortion, 
and Qx3, are analogous to the and c rotation patterns in the 

parent perovskites and are sketched in Figures [Xlj^b) and (c) respectively. 
Most importantly, as in the A-site ordered double perovskites, these rotation 
distortions induce displacements of the A-site cations in the AO layers, each 
of which generates a polarization. The topology of the Ruddlesden-Popper 
structure ensures a net non-zero polarization, as shown in Figure [lO|^b). 

Other members of the Ruddlesden-Popper series can, in principle, also 
display octahedral rotation patterns that lead to nonpolar structures. In his 
symmetry analysis of octahedral rotation patterns in the Ruddlesden-Popper 
phases, Aleksandrov found that certain combinations of octahedral rotation 
patterns lead to polar structures in even n members but nonpolar structures 
in odd n members. [55] We now understand that this is because the even n 
members have two symmetrically inequivalent AO layers (hence the rotations 
induce A-site cation displacements that are not equal and opposite in each 
AO layer) whereas the odd n members do not. In this sense, the odd n mem- 
bers of the series are similar to the perovskite end member in that rotations by 
themselves do not satisfy the criteria for rotation-driven ferroelectricity. [H] 
However, it may still be possible to engineer rotation-driven ferroelectricity 
in the odd n members by using the prescription presented for the perovskite 
end member: a layered arrangement of A/ A' cations (see Figure |9|. If each 
perovskite block in the RP phase separates chemically distinct double AO 
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layers, a combination of two different octahedral rotations can lead to a non- 
polar structure. Hence, hybrid improper ferroelectricity is not restricted only 
to the n = 2 member of the Ruddlesden-Popper series. 

3. 3. Other Examples of Rotation-Driven Ferroelectrics 

Ferroelectricity induced by octahedral rotations is an exciting develop- 
ment in the field of ferroelectrics and although it is still being developed, the 
idea is gaining rapid interest. There have been several other recent studies 
on materials in which octahedral rotations drive ferroelectric distortions. 

Fukushima, et ai, showed that the main distortions contributing to the 
structure of the polar P2i phase of the double perovskite NaLaMnWO^ [13] 
are a pair of MnOe and WOe octahedral rotation modes. [39] This material is 
directly analogous to that of the PbTiOa/SrTiOa superlattices in that a large 
polarization (~ 16/xC/cm^) is induced through a trilinear coupling of a polar 
mode with the octahedral rotation modes. Unlike in Ca3Mn207, where all 
the polar modes are stable, the polar mode in NaLaMnWOe is unstable but 
its amplitude in the ground-state structure is significantly enhanced through 
the coupling to the octahedral distortions. The authors surmise that it is 
the layered ordering of the Na and La ions that allows the usually nonpolar 
octahedral distortions to induce ferroelectricity. 

Another material in which ostensibly nonpolar octahedral distortions in- 
duce ferroelectricity is the layered perovskite La2Ti207. La2Ti207 has one 
of the highest Curie temperatures (1770 K) of all known ferroelectrics and 
is a potential high-T piezoelectric. Using first-principles calculations, Lopez- 
Perez and Iiiiguez showed [^ that the ferroelectric instability in La2Ti207 is 
an octahedral rotation mode similar in nature to those found in bulk ABO3 
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perovskites. The octahedra in La2Ti207 are only continuously connected in 
two dimensions. In the remaining dimension, La2Ti207 has a layered struc- 
ture where the perovskite blocks are separated by rocksalt layers. This is 
similar to the Ruddlesden-Popper compounds except the stacking is along 
the [110] direction of the bulk perovskite, whereas the RP stacking is along 
[001]. This difference in layering directions has the effect of allowing a single 
octahedral rotation to induce a spontaneous polarization in La2Ti207 (as op- 
posed to the hybrid mode required in the Ruddlesden-Popper phases). The 
family of ferroelectric BaMF4 fluorides. |57j where M = Mn, Fe, Co and Ni, 
are the n = 2 members of the same family |58] as the n = 4 La2Ti207. 

4. Hybrid Improper Ferroelectricity and Strong Polarization-Magnetization 
Coupling 

In the Introduction we briefly discussed the challenges involved in finding 
or creating cross-coupled multiferroics. Although we know that octahedral 
rotations in perovskites can significantly affect the magnetic properties of ma- 
terials, rotations do not directly couple to electric fields in ABO3 perovskites. 
Conversely, the type of structural distortion associated with ferroelectricity 
in prototypical ferroelectrics usually does not appreciably influence the inter- 
action between spins[59]. Octahedral rotation-driven ferroelectricity solves 
these problems because the distortion that induces the polarization (octa- 
hedral rotations) also affects the magnetic properties. An advantage of the 
hybrid improper mechanism is that because the primary order parameter 
(the hybrid mode) consists of two rotation distortions of different symmetry, 
there are two independent lattice degrees of freedom that can potentially be 
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exploited to control the magnetization. In the previous section, we noted 
that the Ca3Mn207 Ruddlesden-Popper phase is both a weak ferromagnet 
and a hybrid improper ferroelectric. Can the magnetization in this material 
be controlled with an electric field? 

Benedek and Fennie showed, using a combination of symmetry arguments 
and first-principles calculations, that the X2 rotation of Ca3Mn207 induces 
a linear magnetoelectric effect; this electric-field tunable oxygen rotation dis- 
tortion may lead to an enhanced magnetoelectric effect |60j. Additionally, 
the rotation mode induces weak ferromagnetism, that is, a small canting 
of the nominally antiferro magnetic spins, Sj, through the Dzyaloshinskii- 
Moriya (DM) interaction [M| WI\ or crystalline anisotropy. Ca3Mn207 is thus 
a multiferroic with strong polarization-magnetization coupling. 

Unlike in a proper or conventional improper ferroelectric, more than one 
lattice distortion can switch the polarization in a hybrid improper ferroelec- 
tric. In the case of Ca3Ti207 and Ca3Mn207, the direction of the polarization 
can be switched by switching either the X2 rotation mode, or the X^ rota- 
tion mode, but not both. The issue of switching is particularly interesting 
in the case of Ca3Mn207 because of the weak ferromagnetism[53j. As previ- 
ously discussed [63H65] . ferroelectrically-induced weak ferromagnetism [66] is 
a mechanism - the only known mechanism - by which an electric field can be 
used to switch the direction of the magnetization 180° in a single-phase ma- 



terial (see Fig. 12). Since X3" induces weak ferromagnetism, if switches 
when the polarization is reversed, the magnetization will also reverse. 

The discussed switching experiment relies on two important assumptions. 
First, from symmetry arguments, the antiferromagnetic vector may change 
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(a) 




Figure 12: Schematic illustration of ferroelectrically- induced weak ferromagnetism through 
the DM interaction, (a) In the paraelectric antiferromagnetic state, the spins (depicted 
as red arrows) are related by inversion symmetry, P = and the Dzyaloshinskii vector 
D = 0. (b) If a ferroelectric phase transition breaks inversion symmetry, D can become 
non-zero and induce a magnetization through spin canting, (c) An electric field can be 
used to switch P, which would automatically change the sign of D and hence reverse the 
magnetization. 
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sign with Xg", instead of the magnetization. Switching of the canted ferro- 
magnetic moment is usually more energetically favorable, but this does not 
have to be the case. Second, it is difficult to prove using first-principles 
calculations alone whether or not the polarization can be switched to a 
symmetry-equivalent state with an electric field small enough to be prac- 
tically applied in a laboratory. Ca3Mn207 does satisfy Abrahams' struc- 
tural criteria for ferroelectricity[Tn] but the switching experiment itself may 
be challenging. Still, Ca3Mn207 is a material where Ri induces a linear 
magnetoelectric effect, R2 induces weak ferromagnetism, and the combina- 
tion of -Ri and R2 induces ferroelectricity, all of which should lead to rich 
structural, (anti)ferromagnetic, and magnetoelectric domain configurations. 
Spatially resolving these individual domains - optically, for example |67] - 
should prove the coupling physics discussed even without performing electri- 
cal switching experiments. We are sure that other materials like and superior 
to Ca3Mn207 also await design and discovery. 

5. Functional Octahedral Rotations 

One of the most exciting implications of the highlighted work is the 
prospect of functional octahedral rotations: octahedral distortions that re- 
spond in a useful way to external perturbations, such as electric and mag- 
netic fields. We have been discussing magnetic properties and multiferroics 
but one could pursue many other directions. It is understood [68] that the 
electronic properties of transition metal perovskites can be significantly al- 
tered by changing the octahedral rotation angle, a key ingredient to realize 
such exotic electronic properties as colossal magnetoresistance. The hybrid 
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improper mechanism opens the door to electric-field control of octahedral 
rotations and electronic properties. 

Note that in materials that allow hybrid improper ferroelectric coupling, 
any two of the three distortions - P, Ri, or R2 - making up the trilinear 
invariant may be the primary order parameters driving the system into the 
ground state. The novel idea presented by Bousquet and co-workers is for 
the possibility to achieve a type of rotation-driven ferroelectricity where the 
rotations -Ri or R2 induce a polarization P in the absence of a zone-center 
ferroelectric instability. A question remains: when does a material that has a 
trilinear term allowed by symmetry behave more like a conventional improper 
ferroelectric and when does it behavior more like a proper ferroelectric? This 
is, in our view, the key question that needs to be explored in these new 
classes of materials because the "ferroelectric" properties will be different in 
these two limiting cases; this may be one of the reasons why several known 
materials have not been previously identified as being (hybrid improper) 
ferroelectrics. 

We have described how octahedral rotations can form the basis of a mech- 
anism for the electric-field switching of the magnetization in multiferroic 
materials. Our review has focused on bulk materials, but researchers are 
becoming increasingly interested in the properties of oxide interfaces and 
super lattices inn]- It would be interesting to explore the possibility of us- 
ing functional octahedral rotations to create functional interfaces: interfaces 
whose properties (electronic, magnetic, optical, catalytic) could be directly 
manipulated by electric or magnetic fields. The concept of functional octahe- 
dral rotations is not fundamentally limited to oxides either. Many different 
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materials families feature anion polyhedra as a key structural unit and it 
is therefore likely that other versions of the hybrid improper mechanism de- 
scribed here exist in those material classes. The field of functional octahedral 
rotations is clearly ripe for discovery and exploration and we hope this con- 
tribution stimulates further progress in this area. 

Acknowledgements 

We thank James Rondinelli, Max Stengel, Jorge Iniguez, Patrick Wood- 
ward and Philippe Ghosez for useful discussions. N. A. B. was supported 
by the Cornell Center for Materials Research with funding from the NSF 
MRSEC program (cooperative agreement no. DMR 0520404). A. T. M. was 
supported by NSERC of Canada and the NSF under grant no. DMR-1056441. 
C. J. F. was supported by the Department of Energy, Division of Basic En- 
ergy Sciences under grant no. DE-SCOO02334. 

References 

[1] A. M. Glazer, Acta Crystallographica Section B 28 (1972) 3384-3392. 

[2] P. M. Woodward, Acta. Cryst. B53 (1997) 32-43. 

[3] P. M. Woodward, Acta. Cryst. B53 (1997) 44-66. 

[4] R. H. Mitchell, Perovskites: Modern and Ancient, Almaz Press, 2002. 

[5] J. B. Goodenough, Phys. Rev. 100 (1955) 564-573. 

[6] J. Kanamori, Progress of Theoretical Physics 17 (1957) 177-196. 



32 



[7] P. W. Anderson, Phys. Rev. 115 (1959) 2. 

[8] T. Kimura, S. Ishihara, H. Shintani, T. Arima, K. Ishizaka, Y. Tokura, 
Phys. Rev. B 68 (2003) 060403(R). 

[9] A. J. Millis, Nature 392 (1998) 147-150. 

[10] T. Goto, T. Kimura, G. Lawes, A. P. Ramirez, Y. Tokura, Phys. Rev. 
Lett. 92 (2004) 257201. 

[11] M. Rini, R. Tobcy, N. Dean, J. Itatani, Y. Tomioka, Y. Tokura, R. W. 
Schoenlein, A. Cavalleri, Nature 449 (2007) 72-74. 

[12] M. W. Lufaso, P. M. Woodward, Acta CrystaUographica Section B 60 
(2004) 10-20. 

[13] J. M. RondineUi, N. A. Spaldin, Phys. Rev. B 81 (2010) 085109. 

[14] G. Samara, T. Sakudo, K. Yoshimitsu, Phys. Rev. Lett. 35 (1975) 1767- 
1769. 

[15] J. M. RondineUi, N. A. Spaldin, Advanced Materials 23 (2011) 3363- 
3381. 

[16] S. C. Abrahams, S. K. Kurtz, P. B. Jamieson, Phys. Rev. 172 (1968) 
551. 

[17] J. M. Perez-Mato, D. Orobengoa, M. L Aroyo, Acta. Cryst. A66 (2010) 
558-590. 

[18] R. E. Cohen, Nature 358 (1992) 136-138. 

33 



[19] W. Cochran, Phys. Rev. Lett. 3 (1959) 412-414. 

[20] I. B. Bersuker, Chem. Rev. 101 (2001) 1067-1114. 

[21] P. S. Halasyamani, K. R. Poeppelmeier, Chemistry of Materials 10 
(1998) 2753-2769. 

[22] D. Singh, M. Chita, S. Hahlov, M. Fornari, JOURNAL DE PHYSIQUE 
IV 128 (2005) 47-53. 

[23] D. J. Payne, R. C. Egdell, A. Walsh, C. W. Watson, J. Cuo, P.-A. 
Clans, T. Learmonth, K. E. Smith, Phys. Rev. Lett. 96 (2006) 157403. 

[24] R. Seshadri, N. A. HiU, Chemistry of Materials 13 (2001) 2892-2899. 

[25] A. P. Levanyuk, D. C. Sannikov, Uspekhi Fizicheskikh Nauk 112 (1974) 

561-589. 

[26] S.-W. Cheong, M. Mostovoy, Nat Mater 6 (2007) 13-20. 

[27] C. J. Fennie, K. M. Rabe, Phys. Rev. B 72 (2005) 100103. 

[28] B. B. Van Aken, T. T. M. Palstra, A. Fihppetti, N. A. Spaldin, Nat 
Mater 3 (2004) 164-170. 

[29] I.-K. Jeong, N. Hur, T. Proffen, Journal of Applied Crystallography 40 
(2007) 730-734. 

[30] A. S. Cibbs, K. S. Knight, P. Lightfoot, Phys. Rev. B 83 (2011) 094111. 

[31] H. T. Stokes, E. H. Kisi, D. M. Hatch, C. J. Howard, Acta Crystallo- 
graphica Section B 58 (2002) 934-938. 

34 



[32] R. D. King-Smith, D. Vanderbilt, Phys. Rev. B 49 (1994) 5828-5844. 

[33] P. Ghosez, E. Cockayne, U. V. Waghmare, K. M. Rabe, Phys. Rev. B 
60 (1999) 836-843. 

[34] E. Cockayne, B. P. Burton, Phys. Rev. B 62 (2000) 3735-3743. 

[35] D. I. Bile, D. J. Singh, Phys. Rev. Lett. 96 (2006) 147602. 

[36] K. Parhnski, Y. Kawazoe, Y. Waseda, Journal of Chemical Physics 114 
(2001) 2395-2400. 

[37] C.-J. Eklund, C. J. Fennie, K. M. Rabe, Phys. Rev. B 79 (2009) 220101. 

[38] E. Bousquet, M. Dawber, N. Stucki, C. Lichtensteiger, P. Hermet, 
S. Gariglio, J. M. Triscone, P. Ghosez, Nature 452 (2008) 732-737. 

[39] T. Fukushima, A. Stroppa, S. Picozzi, J. M. Perez-Mato, Phys. Chem. 
Chem. Phys. 13 (2011) 12186-12190. 

[40] J. Lopez-Perez, J. Iniguez, Phys. Rev. B 84 (2011) 075121. 

[41] J. M. RondincUi, C. J. Fcnnic, Adv. Mater. In Press (2011). 

[42] N. A. Benedek, C. J. Fennie, Phys. Rev. Lett. 106 (2011) 107204. 

[43] M. C. Knapp, P. M. Woodward, Journal of Solid State Chemistry 179 
(2006) 1076 - 1085. 

[44] G. King, S. Thimmaiah, A. Dwivedi, P. M. Woodward, Chem. Mater. 
19 (2007) 6451-6458. 

[45] G. King, P. M. Woodward, J. Mater. Chem. 20 (2010) 5785-5796. 

35 



[46] I. Etxebarria, J. M. Perez-Mato, P. BouUay, Ferroelectrics 401 (2010) 
17-23. 

[47] P. Ghosez, J.-M. Triscone, Nat Mater 10 (2011) 269-270. 
[48] A. K. Tagantsev, JETP Lett. 45 (1987). 

[49] M. W. Lufaso, P. M. Woodward, Acta Crystallographica Section B 57 
(2001) 725-738. 

[50] S. Amisi, E. Bousquet, K. Katcho, P. Ghosez, Phys. Rev. B 85 (2012) 
064112. 

[51] I. D. Fawcctt, J. E. Sunstrom, M. Grcenblatt, M. Croft, K. V. Ramanu- 
jachary Chem. Mater. 10 (1998) 3643-3651. 

[52] N. Guiblin, D. Grebille, H. Leligny C. Martin, Acta Cryst. C58 (2001) 
i3-i5. 

[53] M. V. Lobanov, M. Greenblatt, E. N. Caspi, J. D. Jorgensen, D. V. 
Shcptyakov, B. H. Toby, C. E. Botez, P. W. Stephens, J. Phys.: Condens. 
Matter 16 (2004) 5339-5348. 

[54] M. M. Elcombe, E. H. Kisi, K. D. Hawkins, T. J. White, P. Goodman, 
S. Matheson, Acta Cryst. B47 (1991) 305-314. 

[55] K. S. Aleksandrov, Crystallography Reports 40 (1995) 251-272. 

[56] A. B. Harris, Phys. Rev. B 84 (2011) 064116. 

[57] C. Ederer, N. A. Spaldin, Phys. Rev. B 74 (2006) 024102. 

36 



[58] F. Lichtenberg, A. Herrnberger, K. Wiedenmann, J. Mannhart, Progress 
in Solid State Chemistry 29 (2001) 1 - 70. 

[59] J. C. Wojdel, J. Iniguez, Phys. Rev. Lett. 103 (2009) 267205. 

[60] K. T. Delaney, M. Mostovoy, N. A. Spaldin, Phys. Rev. Lett. 102 (2009) 
157203. 

[61] I. E. Dzyaloshinskii, J. Phys. Chem. Sohds 4 (1958) 241. 
[62] T. Moriya, Phys. Rev. 120 (1960) 91-98. 

[63] D. L. Fox, J. F. Scott, J. Phys. C: Sohd State Phys. 10 (1977) L329- 
L331. 

[64] C. J. Fennie, Phys. Rev. Lett. 100 (2008) 167203. 

[65] C. Ederer, C. J. Fennie, Journal of Physics: Condensed Matter 20 (2008) 
434219. 

[66] T. Varga, A. Kumar, E. Vlahos, S. Denev, M. Park, S. Hong, T. Sane- 
hira, Y. Wang, C. J. Fennie, S. K. Streiffer, X. Ke, P. Schiffer, 
V. Gopalan, J. F. Mitchell, Phys. Rev. Lett. 103 (2009) 047601. 

[67] B. B. Van Aken, J.-P. Rivera, H. Schmid, M. Fiebig, Nature 449 (2007) 
702-705. 

[68] H. Y. Hwang, S. W. Cheong, P. G. RadaeUi, M. Marezio, B. Batlogg, 
Phys. Rev. Lett. 75 (1995) 914-917. 

[69] J. Mannhart, D. G. Schlom, Science 327 (2010) 1607-1611. 



37 



